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ABSTRACT

In many cases, multilayered media with flat interfaces are a
suitable representation of the geologic features of the crust. In
general, the isothermal theory is used, and the transfer-matrix
(TM) method is applied to compute the scattering reflection
and transmission (R/T) coefficients. We have generalized
the TM algorithm to the more general case of thermoelastic
layers, in which elastic waves give rise to a temperature field
(the thermal [T] wave) and vice versa. The stress-strain rela-
tion is based on the Lord-Shulman (LS) thermoelasticity
theory. Then, the R/T coefficients of the fast compressional
(P), T, and shear (S) waves are computed and verified by
the conservation of energy. We also obtain the energy ratios
and phase angles for P- and S-wave incidences. We consider a
hot dry rock (HDR) geothermal model to study the effects of
temperature, frequency, and layer thickness, and we find that
the coefficients potentially can be used to obtain information
about the characteristics of a multilayered medium.

INTRODUCTION

The theory of thermoelasticity combines the equation of dynamic
elasticity with that of heat conduction, whereby deformation-temper-
ature coupling terms are taken into account. Including the tempera-
ture field is of interest in many applications, such as seismology and
geothermal exploration (Boschi, 1973; Jacquey et al., 2015). A prom-
ising practical application of thermoelasticity studies geothermal en-
ergy produced from hot dry rocks (HDRs) (e.g., Brown et al., 2012).
Biot (1956) develops a classic theory based on the thermodynamics

of irreversible processes, which predicts a slow thermal P mode (or
T-wave) besides the fast compressional (P) and shear (S) waves. The

characteristics of the T-wave are analogous to the slow P-wave
in poroelasticity, which is the low-frequency diffusive and high-fre-
quency wave-like behaviors. Moreover, the existence of it has been
confirmed experimentally in solid helium (Ackerman et al., 1966) and
sodium fluoride crystals (McNelly et al., 1970). Biot’s theory has been
improved by Lord and Shulman (1967) (LS theory) and Green and
Lindsay (1972) (GL theory), who modify the Fourier heat-conduction
equation by introducing relaxation times (Eslami et al., 2013). (The
latter introduces additional relaxation times compared to the LS
theory.) These models predict thermoelastic wave propagation with
finite velocities avoiding the infinite values of the classic theory.
Green’s functions from these new equations have been obtained
(Nowacki, 1975; Wang et al., 2020b), and numerical methods have
been developed to compute thermoelasticity fields (Tehrani and
Mohamad, 2000) and the first simulation of the T-wave in hetero-
geneous media (Carcione et al., 2019a, 2019b; Hou et al., 2021a).
These numerical algorithms require proper verification, with the first
choice being the comparison of the fields with the Green’s functions
(homogeneous media) and subsequently with more general semian-
alytical solutions, such as those corresponding to multilayered media.
Thomson (1950) and Haskell (1953) introduce the transfer-matrix

(TM) algorithm for reflection and transmission (R/T) of elastic waves
in layered isotropic isothermal media. The method has been used by
Bufler (1971) and Bahar (1972), and Bahar and Hetnarski (1980)
consider thermoelasticity problems. Potel and Belleval (1993) and
Vashishth and Khurana (2004) provide further insight into the aniso-
tropic case. Ai et al. (2015) use a different technique, that is, an eigen-
value approach to study the effects of the layers on thermoelasticity.
However, these studies are based on the classical (parabolic) Fourier
heat conduction law, whereas the generalized theories contain a re-
laxation term leading to a more physical (hyperbolic) heat equation
and finite velocities, as mentioned previously. Many works consider
thermoelasticity with relaxation terms to study wave propagation at
interfaces. Sinha and Elsibai (1996) use the GL theory, whereas
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Chakraborty and Singh (2011) investigate the effects of initial
stress. Recently, Kaur et al. (2020) consider the reflection and refrac-
tion problem at a piezo-thermoelastic interface, and Wang et al.
(2020a, 2021) consider an incident inhomogeneous plane wave on
a thermally insulated free surface of a porous medium and the surface
of a thermo-poroelastic medium, respectively, where the results are
verified with an energy balance.
We compute the scattering R/T coefficients in multilayered ther-

moelastic media based on the LS theory by applying the TM
method. Two longitudinal waves (P and T) and one S-wave are re-
flected and transmitted. Unlike the elastic case, dissipation implies
the presence of inhomogeneous waves, that is, the directions of
the wavenumber and attenuation vectors do not coincide. We use
potential functions to describe the waves and suitable boundary
conditions. The validity of the coefficients is verified by an energy
balance (conservation of energy). Moreover, we consider an HDR
system and study how temperature, frequency, and layered thick-
ness affect the coefficients.

FUNDAMENTAL EQUATIONS

Biot (1956) introduces the constitutive relations of thermoelastic-
ity as

σij ¼ 2μϵij þ δijðλϵ − γ̄TÞ; (1)

where σij and ϵij (ϵ ¼ ϵii; i; j ¼ x; y; z, Einstein summation as-
sumed) are the components of the stress and strain tensors, respec-
tively; T is the increment of temperature above a reference absolute
temperature T0 at zero stress and strain state; λ and μ are the Lamé
constants of the medium; δij are the Kronecker-delta functions; and
γ̄ ¼ ð3λþ 2μÞᾱ is the thermal modulus, where ᾱ is the linear ther-
mal expansion coefficient. If ᾱ ¼ 0, the P- and T-waves are un-
coupled. The strain-displacement relations are

2ϵij ¼ ui;j þ uj;i; (2)

where ui (or uj) denote the components of the displacement field in
the i (or j) direction, and the subscript “; i” (or “; j”) denotes the
spatial derivative with respect to xi (or xj). However, the equations
of momentum conservation are

σij;j ¼ ρüi; (3)

where ρ is the material density and the dot above a variable denotes
time differentiation.
Substituting equation 1 into equation 3 and using the strain-dis-

placement relations equation 2, we obtain the displacement equa-
tions of motion and law of heat conduction, based on the LS theory
(Lord and Shulman, 1967; Carcione et al., 2019a):

ðλþ μÞ∇ð∇ · uÞ þ μ∇2u − γ̄∇T − ρü ¼ 0;

κ̄∇2T ¼ cðṪ þ τT̈Þ þ γ̄T0∇ · ðu̇þ τüÞ; (4)

respectively, where u ¼ ðux; uy; uzÞ, c is the specific heat of the unit
volume in the absence of deformation, κ̄ is the coefficient of thermal
conduction, and the heat source is not included. The law of heat
conduction in the LS theory is hyperbolic due to the presence of
the relaxation time τ (e.g., Rudgers, 1990).

Using the Helmholtz decomposition, we have

u ¼ ∇ϕþ ∇ × ðψ n̂Þ;∇ · ðψ n̂Þ ¼ 0; (5)

where ϕ and ψ n̂ are the potentials, with a hat denoting a unit vector.
Substituting the two potentials into equation 4 yields

γ̄T ¼ ðλþ 2μÞ∇2ϕ − ρϕ̈; (6a)

κ̄∇2T − cðṪ þ τT̈Þ ¼ γ̄T0∇2ðϕ̇þ τϕ̈Þ; (6b)

μ∇2ψ − ρψ̈ ¼ 0: (6c)

We consider the following plane-wave solutions of the Helmholtz
equation:

½ϕ; T;ψ � ¼ ½Aϕ; AT; Aψ � exp½iðωt − k · xÞ�; (7)

which defines the propagation of P, T, and S attenuated thermo-
elastic plane waves with amplitudes Aϕ, AT , and Aψ , complex
wavenumber vector k (or wavevector), and angular frequency
ω (i2 ¼ −1), where

k ¼ κκ̂ − iαα̂;

κ̂ ¼ ðsin θ; cos θÞ;
α̂ ¼ ðsinðθ − γÞ; cosðθ − γÞÞ; (8)

where θ is the propagation angle and γ is the inhomogeneity angle
between κ̂ and α̂. If we assume incident homogeneous plane
waves (γ ¼ 0°), the wavenumber and complex velocity are

k ¼ ðκ − iαÞκ̂ ¼ kκ̂;

Vc ¼
ω

k
; (9)

respectively.
Substituting equations 7 and 8 into 6c, we obtain the S-wave

velocity

VS ¼
ffiffiffi
μ

ρ

r
; (10)

where we can see that thermal effects have no influence on the
S-wave in homogeneous media.
Similarly, the solution for the two P-waves, using equations 6a,

6b, and 7, can be obtained from the following dispersion equation:

L · KP ¼ 0; (11)

where

L ¼ ½L0 ðL1 þ L2Þω2 ω4 �; KP ¼ ½ k4 k2 1 �T;

k2 ¼ ω2

2L0

�
−ðL1 þ L2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL1 þ L2Þ2 − 4L0

q �
; (12)

for which the minus and plus are applicable when taking the square
root k2 corresponds to the fast P- and T-waves, respectively, and
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L0 ¼ −V2
0L2;

L1 ¼ −
�
V2
0 þ

γ̄2

ρc
T0

�
;

L2 ¼
ωκ̄

cði − τωÞ ;

V2
0 ¼

λþ 2μ

ρ
: (13)

The P- and T-wave wavenumbers are obtained from

k2 ¼ k · k;

Reðk2Þ ¼ κ2 − α2;

Imðk2Þ ¼ −2κα cos γ: (14)

We have (Carcione, 2014, equation 3.34):

κ2 ¼ 1

2

�
Reðk2Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Reðk2Þ�2 þ ½Imðk2Þ�2sec2 γ

q �
;

α2 ¼ 1

2

�
−Reðk2Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Reðk2Þ�2 þ ½Imðk2Þ�2sec2 γ

q �
: (15)

The phase velocities of the P-waves, using equations 9 and 15, are

Vho
ph ¼

�
Re

�
1

Vc

��
−1
; V in

ph ¼
ω

κ
; (16)

where the homogeneous and inhomogeneous waves are identified
by the superscripts “ho” and “in,” respectively. The attenuation co-
efficients of the P- and T-waves are given by

Aho ¼ −ωIm
�

1

Vc

�
; Ain ¼ α: (17)

An alternative attenuation coefficient is that of Deresiewicz (1957):

L ¼ 4π
AVph

ω
: (18)

R/T COEFFICIENTS

Let us consider a 2D multilayered medium in
the (x; z) plane, which consists of nmedia, includ-
ing n − 2 flat layers and two homogeneous half-
spaces, as depicted in Figure 1a. The incidence
medium is one (z > 0). Each layer has six waves,
three upward and three downward; the upper half-
space has four waves, three upward (the reflected
ones) and one downward (the incident one),
whereas the lower half-space has three propagat-
ing downward (transmitted) waves.
We assume the following: (1) each layer is iso-

tropic and homogeneous and (2) the boundary
conditions at the interfaces are the continuity of
normal (uz ¼ u 0

z) and tangential displacements

(ux ¼ u 0
x), normal (σzz ¼ σ 0

zz) and tangential stresses (σxz ¼ σ 0
xz),

and temperature (T ¼ T 0) and heat flux (κ̄ð∂T∕∂zÞ ¼ κ̄ 0ð∂T 0∕∂zÞ)
(e.g., Ignaczak and Ostoja-Starzewski, 2009).
At the ith layer, we assume that the velocities, density, and thick-

ness are VðiÞ
E , VðiÞ

T , VðiÞ
S , ρðiÞ, and hðiÞ, respectively, and the angles

between the P-, S-, and T-wave vectors and the normal direction are
θðiÞ1 , θðiÞ2 , and θðiÞ3 , as shown in Figure 1b. The potential functions,
based on the Snell law, are

ϕðiÞ ¼
h
AðiÞ
1 eid

ðiÞzþAðiÞ
2 e−id

ðiÞzþCðiÞ
1 eil

ðiÞzþCðiÞ
2 e−il

ðiÞz
i
eiðωt−ξxÞ;

ψ ðiÞ ¼
h
BðiÞ
1 eis

ðiÞzþBðiÞ
2 e−is

ðiÞz
i
eiðωt−ξxÞ; (19)

where AðiÞ
m , BðiÞ

m , and CðiÞ
m are the amplitudes of the P-, S-, and

T-waves, respectively; the superscript (i) denotes the properties
of the ith layer; m ¼ 1 represents the downward waves; m ¼ 2

represents the upward waves; ξ is the horizontal wavenumber;
and dðiÞ, lðiÞ, and sðiÞ are the corresponding vertical wavenumbers
corresponding to the P-, T-, and S-waves, respectively. It is

ξ ¼ jκ1j sin θ1 − ijα1j sinðθ1 − γ1Þ; (20)

where θ1 is the incidence angle and κ1 and α1 are given by equa-
tion 15 for incident waves with k ¼ k1 and γ ¼ γ1 (see Figure 1),
and

dðiÞ ¼ DdðiÞ
R þ iDdðiÞ

I ; DdðiÞ ¼ pv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkðiÞ1 Þ2 − ξ2

q
; (21)

where pv denotes the principal value, and the subscripts R and I of
the complex quantity DdðiÞ denote the real and imaginary parts, re-
spectively. The calculations of lðiÞ (DlðiÞ ) and sðiÞ (DsðiÞ ) are similar to
that of dðiÞ (DdðiÞ ).
Subject to the boundary conditions, the displacement, stress,

and temperature at the bottom of layer i can be expressed

as ΓðiÞ ¼ ½ uðiÞx uðiÞz σðiÞzz σðiÞxz TðiÞ κ̄TðiÞ
;z �T (z ¼ h, omitting

“i” for convenience). Explicitly,

Figure 1. (a) R/Tof waves in a multilayered medium and (b) details of the ith layer. The
solid, dotted solid, and dashed lines represent the propagation direction of the
incident P-, T-, and S-waves, respectively.
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ΓðiÞ ¼ ðBabÞ

2
6666666664

AðiÞ
1 P−1

I þ AðiÞ
2 PI

AðiÞ
1 P−1

I − AðiÞ
2 PI

BðiÞ
1 Q−1

I þ BðiÞ
2 QI

BðiÞ
1 Q−1

I − BðiÞ
2 QI

CðiÞ
1 R−1

I þ CðiÞ
2 RI

CðiÞ
1 R−1

I − CðiÞ
2 RI

3
7777777775
eiðωt−ξxÞ; (22)

where Bab are

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

B11 ¼−iξ cos PR; B12 ¼ ξ sin PR; B13 ¼ s sinQR;
B14 ¼−is cosQR; B15 ¼−iξ cos RR; B16 ¼ ξ sin RR;

B21 ¼−d sin PR; B22 ¼ id cos PR; B23 ¼−iξ cosQR;
B24 ¼ ξ sinQR; B25 ¼−l sin RR; B26 ¼ il cos RR;

B31 ¼ g1 cos PR; B32 ¼ ig1 sin PR; B33 ¼B34 ¼ 0;
B35 ¼ g2 cos RR; B36 ¼ ig2 sin RR;

B41 ¼−κ̄dg1 sinPR;B42 ¼ iκ̄dg1 cos PR; B43 ¼B44 ¼ 0;
B45 ¼−κ̄lg2 sin RR; B46 ¼ iκ̄lg2 cos RR;

B51 ¼ð2μξ2 −ρω2Þcos PR; B52 ¼ð2μξ2−ρω2Þi sin PR; B53 ¼ 2μsξi sinQR;
B54 ¼ 2μsξ cosQR; B55 ¼ð2μξ2−ρω2Þcos RR; B56 ¼ð2μξ2 −ρω2Þi sinRR;

B61 ¼ 2μdξi sinPR; B62 ¼ 2μdξ cos PR; B63 ¼ μðs2 −ξ2ÞcosQR;
B64 ¼ μðs2 − ξ2Þi sinQR; B65 ¼ 2μlξi sinRR; B66 ¼ 2μlξ cos RR;

(23)

and

PR ¼ Dd
Rh; QR ¼ Ds

Rh; RR ¼ Dl
Rh;

PI ¼ expðDd
I hÞ; QI ¼ expðDs

IhÞ; RI ¼ expðDl
IhÞ;

g1 ¼ −
1

γ̄
ððd2 þ ξ2Þðλþ 2μÞ − ρω2Þ;

g2 ¼ −
1

γ̄
ððl2 þ ξ2Þðλþ 2μÞ − ρω2Þ; (24)

(the position of each layer refers to its bottom).
In particular, for z ¼ 0, (top interface) Γði−1Þ of the ith layer, ma-

trix B is denoted as ðBabÞz¼0. Let ðbabÞz¼0 ¼ ½ðBabÞz¼0�−1. We ob-
tain

ΓðiÞ ¼ ðaabÞΓði−1Þ; (25)

where aab ¼ ðBabÞðbabÞ is the matrix of the ith layer; therefore, aab
can be written as aðiÞab. We recursively get the expression of the top
interface of the nth layer as

ðΓðnÞÞz¼H ¼ ðMabÞðΓð1ÞÞz¼0; (26)

where

ðMabÞ ¼
Yn−1
i¼2

ðaðiÞabÞ; H ¼
Xn−1
i¼2

hi; (27)

and we assume an incident P-wave, that is,

Bð1Þ
1 ¼ Cð1Þ

1 ¼ AðnÞ
2 ¼ BðnÞ

2 ¼ CðnÞ
2 ¼ 0: (28)

We obtain

G
�
Pð1Þ
I

Að1Þ
1

ΛT

�
¼ K; (29)

where

Λ ¼
"
Að1Þ
2 Pð1Þ

I ; Bð1Þ
2 Qð1Þ

I ; Cð1Þ
2 Rð1Þ

I ;
AðnÞ
1

PðnÞ
I

;
BðnÞ
1

QðnÞ
I

;
CðnÞ
1

RðnÞ
I

#
;

G ¼ ðGadÞ ¼
� dað2bÞ − dað2b−1Þ; 1 ≤ d ≤ 3; b ¼ 1; 2; 3;

cað2bÞ þ cað2b−1Þ 4 ≤ d ≤ 6; b ¼ 1; 2; 3;

K ¼ ðkabÞ ¼ da1 þ da2;

D ¼ ðdabÞ ¼ ðMabÞðBð1Þ
ab Þz¼0;

C ¼ ðcabÞ ¼ ðBðnÞ
ab Þz¼H; (30)

where a; b; d ¼ 1; 2; : : : ; 6.
Similarly, for the incident S-wave,

Að1Þ
1 ¼ Cð1Þ

1 ¼ AðnÞ
2 ¼ BðnÞ

2 ¼ CðnÞ
2 ¼ 0; (31)

and we obtain

G

 
Qð1Þ

I

Bð1Þ
1

ΛT

!
¼ L; (32)

where

L ¼ ðlabÞ ¼ da3 þ da4: (33)

Denoting the amplitude ratios by Xm, we express the R/T coeffi-
cients as

Rm ¼ Xð1Þ
m

kð1Þm

kð1Þ0

¼ jRmj exp
�
iϑð1Þm

	
;

Tm ¼ XðnÞ
m

kðnÞm

kð1Þ0

¼ jTmj exp
�
iϑðnÞm

	
; (34)

respectively, where kð1Þ0 is the wavenumber of the incident wave; the
superscripts 1 and n correspond to the incidence and transmission
media, respectively, jRmj and jTmj are the amplitudes, ϑð1Þm and ϑðnÞm

are the phase angles, and

Xð1Þ
m ¼ W

8><
>:

Að1Þ
2 ; m ¼ 1;

Bð1Þ
2 ;

Cð1Þ
2 ;

m ¼ 2;

m ¼ 3;

XðnÞ
m ¼ W

8><
>:

AðnÞ
1 ;

BðnÞ
1 ;

CðnÞ
1 ;

W ¼
(

1∕Að1Þ
1 ;

1∕Bð1Þ
1 ;

ðincident P-waveÞ;
ðincident S-waveÞ: (35)

Next, we obtain the energy fluxes to verify the R/T coefficients.
Across an interface, the energy partitions are computed by using
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the surface traction and particle displacement as in Carcione
(2014, equation 6.115). We first consider the fluxes in media 1
(see Figure 1a):

hEð1Þi ¼ hEð1Þ
ab i ¼ 1

2
ReðPð1Þ

4×2 ·
˙̄Qð1Þ
2×4Þ; ða; b ¼ 0; 1; 2; 3Þ;

(36)

where the diagonal element hEð1Þ
00 i is the energy flux of the incident

wave; hE11i, hE22i, and hE33i correspond to the reflected P-, T-,
and S-waves, respectively, with h·i denoting a temporal average
over a period; and the bar over a quantity denotes the complex
conjugate. The presence of the off-diagonal parts indicates the in-
terference energy fluxes between the incident and reflected waves,
and

Pð1Þ
m1 ¼

�
σð1Þzz

	
m
; Pð1Þ

m2 ¼
�
σð1Þxz

	
m
; Qð1Þ

1m ¼
�
uð1Þz

	
m
;

Qð1Þ
2m ¼

�
uð1Þx

	
m
; ðm ¼ 0; 1; 2; 3Þ; (37)

where the subscripts m ¼ 0, 1, 2, and 3 correspond to the incident,
reflected P-, T-, and S-waves, respectively.
Similarly, the energy fluxes of the transmitted waves are

hEðnÞi¼
D
EðnÞ
ab

E
¼ 1

2
Re
�
PðnÞ
3×2 ·

˙̄QðnÞ
2×3

	
; ða;b¼4; :::;6Þ; (38)

where hEðnÞ
44 i, hEðnÞ

55 i, and hEðnÞ
66 i correspond to the P-, T-, and S-

waves, respectively; the off-diagonal entries are the interference en-
ergy fluxes between the waves; and PðnÞ

m1 , P
ðnÞ
m2 , Q

ðnÞ
m1 , and QðnÞ

m2

(m ¼ 1, 2, and 3) are similar to equation 37 but for the transmitted
waves.
Then, the energy ratios are

Ei
ab ¼

D
Eð1Þ
ab

E
hE00i

; ða; b ¼ 0; 1; 2; 3Þ;

Et
ab ¼

D
EðnÞ
ab

E
hE00i

; ða; b ¼ 4; 5; 6Þ; (39)

and the energy balance is (Carcione, 2014, equation 6.116; Wang
et al., 2020a)

Esum¼
X3
a¼1

�
Ei
a0þEi

0aþ
X3
b¼1

Ei
ab

�
þ
X6
a¼4

X6
b¼4

Et
ab¼−1;

Ein¼EirþEt¼
X3
a¼0

 X3
b¼0

Ei
ab−Ei

aa

!
þ
X6
a¼4

 X6
b¼4

Et
ab−Et

aa

!
;

(40)

where Esum is the sum of the energy ratios, Ein is the interference
energy ratio, Eir corresponds to the interaction between the incident
and the reflected waves, and Et corresponds to the interaction
among the transmitted waves.

EXAMPLES

We first analyze the dispersion relation and compare elastic and
thermoelastic models to verify the R/T coefficients. The properties
of the media (n ¼ 1 and 2 in this case) are given in Table 1 (Schon,
2011; Guo et al., 2020).

Plane-wave analysis

Thermal effects cause attenuation and imply complex wavenum-
bers and inhomogeneous waves. The phase velocities and attenu-
ation coefficients of the two P-waves based on the LS theory as
a function of frequency for two values of the inhomogeneity angle
are shown in Figure 2; the γ has a negligible influence on the
dispersion at seismic frequencies because the imaginary part of k
is relatively small (equation 15), where the T-wave velocity is al-
most zero and the attenuation is very high. The T mode is lossless

Table 1. Medium properties.

Medium, n 1 2 3 4 4′

V0 (km/s) 3.05 3.73 4.2 4.5 4.7

VS (km/s) 1.76 2.15 2.43 2.6 2.71

Density, ρ (kg/m3) 2000 2150 2340 2870 2410

Specific heat, c (J/(kg·K)) 900 910 920 980 930

Thermal conductivity, κ̄ (W/(m·K)) 2.9 2.8 2.7 3.6 2.6

Coefficient of thermal expansion,
ᾱ (× 10−6 K−1)

1.7 1.8 1.9 1.4 2.0

Absolute temperature, T0 (K) 300 310 320 450 330
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Figure 2. (a) Phase velocity and (b) attenuation
coefficient as a function of frequency for two val-
ues of the inhomogeneity angle γ, where the
medium properties correspond to n ¼ 4 in Table 1.
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and wave-like only at very high frequencies. The low-frequency
phase velocities of the P-waves are 3125 (n ¼ 1), 3898 (n ¼ 2),
4490 (n ¼ 3), 4815 (n ¼ 4), and 5172 m/s (n ¼ 4 0), respectively,
according to Table 1 and equation 16. Meanwhile, the low-fre-
quency behaviors and values of P-waves here also are applicable
to the classic thermoelastic model and independent of the thermal
properties according to Hou et al. (2021b). The relaxation frequency
is approximately

fr ¼ 1∕ð2πτÞ; (41)

where we have assumed (Carcione et al., 2019a)

τ ¼ κ̄∕ðcV0Þ; (42)

where τ represents the time lag to establish a steady-state heat con-
duction in an element of volume. It depends on the thermal proper-
ties and has little effect at low frequencies (Hou et al., 2021b).
Moreover, the fast P-wave relaxation peaks due to the thermal ef-
fects are located at high frequencies (gigahertz range), whereas the
S-wave is not affected.

R/T coefficients

Figure 3 depicts the absolute values of the R/T coefficients as a
function of the incidence angle for a frequency of 10 Hz, in the case
of an incident P-wave, where RPP and RPS denote the reflection co-
efficients of the P- and S-waves, and TPP and TPS those of the trans-
mitted waves. At 10 Hz, the influence of the inhomogeneity angle
on the phase velocity and attenuation are negligible (see Figure 2),
and consequently, we set γ ¼ 0° (homogeneous wave). Because the
velocity of the S-wave is much lower than that of the P-wave (see
Figure 2 and Table 1), the amplitudes of the reflected and transmit-
ted S-waves are relatively small.

For many layers, we implement the TM method based on the LS
theory, where n is defined in Figure 1a. For n equals three or four,
besides the two half-spaces (upper and lower media), we have one
and two layers, respectively, each assumed with 80 m thickness. The
properties of the media are specified in Table 1, where the lower half-
space (medium 4) is an HDR geothermal resource with high thermal
conductivity and absolute temperature. The corresponding phase an-
gles are displayed in Figure 4. We compute the energy balance ac-
cording to amplitude ratios (R/T coefficients) (equation 35) and
obtain Esum ¼ −1 (equation 40) to verify coefficient results (Wang
et al., 2020a, 2021). Moreover, it can be confirmed that the sum of the
P- and S-wave ratios calculated by equation 39 satisfies the verifica-
tion conditions because the phase velocity of the T-wave at seismic
frequencies is almost zero and the attenuation is high, implying neg-
ligible energy. An S-wave is not generated at normal incidence. In the
following, we show the R/T of the corresponding elastic (isothermal
and lossless) case. Differences with the previous curves are due to the
thermal effects. Comparison of Figures 3 and 5 shows that the am-
plitude (energy) of the reflected and transmitted S-waves is higher in
the elastic case. Figure 6 displays the corresponding phase angles of
the thermoelastic case. A direct comparison between the thermoelas-
tic and isothermal (elastic) cases is shown in Figure 7. Similar plots
for an incident S-wave are shown in Figures 8 and 9 (thermoelastic
case) and Figures 10 and 11 (elastic case).

Effect of the thermal properties

Now, we consider the effect of thermal properties by comparing
the cases n ¼ 4 (HDR) with n ¼ 4 0 in Table 1, where the model
consists of two half-spaces (upper and lower media) and two layers
of 80 m thickness. Figure 12 shows the R/T coefficients for an in-
cident P-wave, where, as expected, there is no S-wave at normal
incidence. Varying the temperature and thermal parameters affects
the velocities of the waves calculated by equation 16. The HDR
temperature hardly affects the amplitude of the reflected P-wave,
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Figure 3. The coefficients of the (a) reflected P-,
(b) reflected S-, (c) transmitted P- and (d) transmit-
ted S-waves versus incidence angle θ for an inci-
dent P-wave at 10 Hz. The n is defined in
Figure 1a, and the medium properties are defined
in Table 1.

MR122 Hou et al.

D
ow

nl
oa

de
d 

03
/3

0/
22

 to
 1

51
.2

7.
18

.2
54

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
S

E
G

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 T
er

m
s 

of
 U

se
 a

t h
ttp

://
lib

ra
ry

.s
eg

.o
rg

/p
ag

e/
po

lic
ie

s/
te

rm
s

D
O

I:1
0.

11
90

/g
eo

20
21

-0
54

2.
1



0 20 40 60 80
Incidence angle (degrees)

–180

–120

–60

0

60

120

P
ha

se
 (

de
gr

ee
s)

 (
R

P
P

)

a)
n = 2
n = 3
n = 4

0 20 40 60 80
Incidence angle (degrees)

–50

0

50

100

150

200

P
ha

se
 (

de
gr

ee
s)

 (
R

P
S

)

b)
n = 2
n = 3
n = 4

0 20 40 60 80
Incidence angle (degrees)

–180

–120

–60

0

60

120

P
ha

se
 (

de
gr

ee
s)

 (
T

P
P

)

c)
n = 2
n = 3
n = 4

0 20 40 60 80
Incidence angle (degrees)

–90

–60

–30

0

30

60

P
ha

se
 (

de
gr

ee
s)

 (
T

P
S

)

d)
n = 2
n = 3
n = 4

Figure 4. Phase angles corresponding to Figure 3.
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Figure 5. The coefficients of the (a) reflected P-,
(b) reflected S-, (c) transmitted P- and (d) transmit-
ted S-waves for the elastic models and an incident
P-wave.
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Figure 6. Phase angles corresponding to Figure 5.
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Figure 8. The coefficients of the (a) reflected P-,
(b) reflected S-, (c) transmitted P- and (d) transmit-
ted S-waves versus incidence angle θ for an inci-
dent S-wave at 10 Hz. The n is defined in
Figure 1a and the medium properties are defined
in Table 1.
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Figure 7. Comparison of reflection coefficients
and phase angles for (a and c) reflected P and
(b and d) reflected S between thermoelastic (the
solid lines) and elastic (the dashed lines) cases
as a function of the P-wave incidence angle, where
f ¼ 10 Hz and n ¼ 4.
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Figure 9. Phase angles corresponding to Figure 8.
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Figure 10. The coefficients of the (a) reflected P-,
(b) reflected S-, (c) transmitted P- and (d) transmit-
ted S-waves for the elastic models and an incident
S-wave.

0 20 40 60 80
Incidence angle (degrees)

–180

–90

0

90

180

P
ha

se
 (

de
gr

ee
s)

 (
R

S
P

)

a)

n = 2
n = 3
n = 4

0 20 40 60 80
Incidence angle (degrees)

–270

–180

–90

0

90

180

P
ha

se
 (

de
gr

ee
s)

 (
R

S
S

)

b)
n = 2
n = 3
n = 4

0 20 40 60 80
Incidence angle (degrees)

–180

–90

0

90

P
ha

se
 (

de
gr

ee
s)

 (
T

S
P

)

c)
n = 2
n = 3
n = 4

0 20 40 60 80
Incidence angle (degrees)

–90

0

90

180

P
ha

se
 (

de
gr

ee
s)

 (
T

S
S

)

d)
n = 2
n = 3
n = 4

Figure 11. Phase angles corresponding to Figure 10.
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Figure 12. The coefficients of the (a) reflected P-,
(b) reflected S-, (c) transmitted P- and (d) transmit-
ted S-waves versus incidence angle θ for an inci-
dent P-wave at 10 Hz, where the medium
properties of T0 ¼ 330 K correspond to the last
column in Table 1 (n ¼ 4 0). The n is defined in
Figure 1a, and the medium properties are defined
in Table 1.
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Figure 14. The coefficients of the (a) reflected P-,
(b) reflected S-, (c) transmitted P- and (d) transmit-
ted S-waves versus incidence angle θ for an inci-
dent P-wave, where the frequency is variable and
n ¼ 4 is defined in Table 1.
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Figure 15. Phase angles corresponding to Figure 14.
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Figure 13. Phase angles corresponding to Figure 12.
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and the most relevant effects are the increase in RPS and TPS with
increasing T0. Figure 13 shows the corresponding phases.

Effect of the frequency and layer thickness

Figure 2 indicates that the phase velocities and attenuation of
n ¼ 4 and 4′ are practically similar at low frequencies. As an ex-
ample, Figures 14 and 15 show the R/Tamplitudes and phase angles
as a function of the incidence angle for an incident P-wave, respec-
tively, where we observe that the critical angle is independent of
frequency and that with decreasing frequency, the amplitudes of
the converted S-wave are enhanced. As the layer thickness in-
creases, the curves (Figures 16 and 17) show more pronounced in-
flection points and peaks. The R/T coefficients behave as a
frequency filtering effect in thermoelastic multilayered media.

CONCLUSION

We have applied a novel TM algorithm to obtain the R/T coef-
ficients of thermoelastic waves in multilayered media, in which the
stress-strain relations are based on the LS theory. Because the pres-
ence of dissipation due to thermal effects makes the wave inhomo-
geneous, the direction of propagation and attenuation of the
different modes does not necessarily coincide. However, the influ-
ence of inhomogeneity is negligible at seismic frequencies where,
analogously to the Biot slow P-wave in poroelasticity, the T-wave is
diffusive. The thermoelastic coefficients are compared to those of
the elastic (lossless) case, which shows how the amplitudes and
phase angles are affected by the thermal properties. The coefficients
are verified by an energy balance. The example considers an HDR
geothermal field with different absolute temperatures, frequencies,
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Figure 16. The coefficients of the (a) reflected P-,
(b) reflected S-, (c) transmitted P- and (d) transmit-
ted S-waves versus incidence angle θ for an inci-
dent P-wave and different layer thicknesses of
media 2 and 3.
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Figure 17. Phase angles corresponding to
Figure 16.
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and layer thicknesses of the cap rocks. The coefficients of the
reflected and transmitted P-waves for different temperatures are
similar, whereas the amplitudes of the S-waves are higher for higher
temperatures. The reflection coefficients can be used to obtain in-
formation about the thermal characteristics of a multilayered
medium, which provides theoretical support for HDR geothermal
exploration.
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