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ABSTRACT

We develop a modified fluid-saturated thermoporoelastic
model by introducing two temperature equations to account
for the temperature differences between the solid skeleton
and the pore filling. The modified two-temperature general-
ized thermoporoelastic (TTG) equation is an extension
of the classical single-temperature Lord-Shulman (LS),
Green-Lindsay, and generalized LS theories. It predicts
four compressional waves and one shear wave based on
the analysis of inhomogeneous plane waves. We study
the exact reflection and transmission (R/T) coefficients at
the interface separating two thermoporoelastic half-spaces
and develop an amplitude-variation-with-offset (AVO)
approximation. Comparison with the Biot poroelastic case
of the water/oil contact shows that the TTG model reprodu-
ces the exact R/T results. The AVO response of oil, gas, and
real CO2 geosequestration reservoirs illustrates the practical
applicability of our model and provides the theoretical basis
for the exploration of high-temperature resources.

INTRODUCTION

Elastic wave propagation analysis in fluid-saturated, high-
pressure, high-temperature fields is among the most important
and effective methods for georesource exploration, from geothermal
(Poletto et al., 2018; Cheng et al., 2023) to hydrocarbons (Sharma,
2008; Carcione et al., 2019). Successful explanation and interpre-
tation of deep resources require a valid and simple model of rock
physics that combines the porous properties and thermal nature of
rocks. In principle, thermoporoelastic models have been extensively

used to describe these deposits to better and more quantitatively
evaluate temperature-dependent resource characteristics (Sharma,
2018; Hou et al., 2021, 2023b; Wang et al., 2021).
The theory of thermoporoelasticity introduces mechanical-thermal

coupling in poroelasticity. The thermal effect itself on wave propa-
gation is negligible because wave propagation is an adiabatic process
(Landau and Lifshitz, 1986; Anderson, 1989) where there is insuffi-
cient time for heat flow during the period of wave propagation. The
effect will not become important unless we have the so-called meso-
scopic effect (i.e., conversion from thermal mode to P wave similar to
the wave-induced local fluid flow in poroelasticity). However, such a
conversion is very weak, as indicated by Zimmerman (2000), so
although temperature influences the stresses and strains, the stresses
and strains do not appreciably influence the temperature field. The
indirect effect of temperature on wave propagation is significant be-
cause high temperatures significantly change the mineralogy and mi-
crostructure of rocks, which in turn, affects the velocity and
attenuation of wave propagation. Observed geophysical data gener-
ally contain such indirect thermal effects.
Biot (1956a) sets up the equations based on the Fourier heat con-

duction law but this leads to unphysical results. Unlike Biot’s use of
elastic energy potential to derive the theory of thermoelasticity, the
procedure of volume averaging is applied to the same problem (de
la Cruz and Spanos, 1989; de la Cruz et al., 1993). In addition to the
porous and thermal properties of the rocks, the relaxation times de-
scribing the time lag are important features that determine the suc-
cess of the theories (Noda, 1990; Nield and Bejan, 2006). Quiroga-
Goode et al. (2005) simulate wave propagation in homogeneous
dynamic-porosity media with thermal and fluid relaxation. Lord
and Shulman (1967) (LS) propose a more general formulation with
a single temperature and one relaxation lag term (ST-LS), and Green
and Lindsay (1972) present thermoelastic constitutive relations with
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an additional lag time (ST-GL). Dhaliwal and Sherief (1980) extend
the ST-LS equation to general anisotropic media with heat sources.
Carcione et al. (2019) and Wang et al. (2021) perform plane wave
analysis and predict one shear and three longitudinal waves (fast P,
slow P, and thermal waves) different from the poroelastic case
where only the first two longitudinal waves occur (Biot, 1956b,
1962). Tzou (1995) and Chandrasekharaiah (1998) introduce
microscopic effects into the macroscopic model to characterize
the lag time of the temperature gradient of the fluid phase. Liu
et al. (2023) incorporate the Tzou (1995) single-temperature
dual-phase-lag (ST-DPL) model of heat conduction into thermopor-
oelasticity for finite difference numerical simulations. However,
these formulations are based on the ST models, assuming only
the average thermal properties and temperature of the entire
rock. Youssef (2007) extends the ST-LS model to consider the tem-
perature difference between the solid and the fluid, introduces
two-phase temperatures, and develops a new two-temperature
generalized LS (TTG-LS) thermoporoelastic equation. The model
considers the laws of two-phase heat conduction with two temper-
atures separated differently. It predicts an additional slow thermal
wave (T2) (Singh, 2011). Here, we propose a TTG-GL model by
combining the GL model and that of Youssef (2007).
Quantitative studies of reflection and transmission (R/T) at a ther-

moelastic/ thermoporoelastic interface are considered by Wei et al.
(2016) and Sharma (2018) based on the lossless P-wave incidence.
Zhou et al. (2019), Liu et al. (2021, 2022), and Kumar et al. (2022a)
study wave propagation in unsaturated thermoporoelastic media
and analyze the dependence of dispersion and R/T coefficients on
thermal parameters. Kumar et al. (2022b) and Kumari et al. (2022)
also investigate the propagation of inhomogeneous waves in this
medium and further extend their study to the double-porosity case
(Kumar et al., 2023). More recently, Hou et al. (2023a) address a
similar problem of inhomogeneous waves as Wang et al. (2021),
studying the ST-LS, GL, and generalized LS (GLS) theories. The
former focuses on a thermoporoelastic/thermoporoelastic interface,
while the latter considers a free surface. The preceding R/T results
are based on the exact Zoeppritz formulation, which is the basis for
amplitude-variation-with-offset analysis (AVO). However, the exact
calculations are cumbersome and difficult to relate to physical prop-
erties. Hou et al. (2023b) present AVO approximate thermoelastic
equations based on the results of Aki and Richards (2002). The
approximation of thermoporoelastic theory has not been studied
previously, so we consider the approximation including the pro-
posed LS and GL thermoporoelastic theories with the two-temper-
ature and two-phase thermal parameters.
In this work, we first extend the ST-GL thermoporoelastic equa-

tion based on the Youssef (2007) model (TTG-GL). The analysis of
inhomogeneous plane waves predicts four compressional waves
and one shear wave, i.e., fast P (P1), slow P (P2), thermal (T1),
slow thermal (T2), and S waves. The P2 wave is related to pressure
differentials, whereas the T1 wave is primarily associated with tem-
perature gradients. In contrast, the T2 wave combines the influences
of both, resulting in similar trends but different physical properties.
The R/T coefficients are obtained based on a fluid-saturated ther-
moporoelastic/thermoporoelastic interface and the corresponding
ten boundary conditions. We then develop a thermoporoelastic
approximate model that accounts for the thermal effects and com-
pare it with Biot’s poroelastic model. Finally, the AVO responses of
different reservoir cases (gas saturated, oil saturated, and CO2 geo-

sequestration) are tested by applying the approximation. The method
we proposed can be relevant for the exploration of high-temperature
and high-pressure deep reservoirs in thermal hydrocarbon source
rocks. Furthermore, it can provide essential guidance for conducting
seismic thermoelastic inversions to evaluate subsurface temperature
distribution and reservoir characteristics under high-temperature
conditions.

THERMOPOROELASTICITY

Differential equations

Let us define ui and wi (i ¼ x; y; z) as the components of the
displacement field of the frame and of the fluid relative to the frame,
respectively, with Ts and Tf as the temperature increase of the solid
and the fluid phases, respectively, with respect to the absolute refer-
ence temperature T0, assuming the same T0 for both components
of the medium. In the absence of external forces and heat sources,
the constitutive relations for the total stress σij and fluid pressure p
are given by Sharma (2018), Carcione et al. (2019), and Carcione
(2022):

σij ¼ 2μϵij þ λϵmδij − R11ð∧1s TsÞδij − R12ð∧1f TfÞδij;
−p ¼ Mϵ − R22ð∧1f TfÞ − R21ð∧1s TsÞ;
ϵ ¼ ᾱϵm þ ϵf; ϵm ¼ ui;i; ϵf ¼ wi;i; 2ϵij ¼ ui;j þ uj;i;

(1)

where the subscripts “s” and “f” indicate solid and fluid, respec-
tively, and δ is the Kronecker delta function. The rock frame is char-
acterized by the porosity ϕ̄, Lamé constants μ and λ, bulk modulus
K, thermal relaxation time τ, and

M ¼
�
ᾱ − ϕ̄

Ks
þ ϕ̄

Kf

�
−1
;

ᾱ ¼ 1 −
Km

Ks
; Km ¼ λþ 2

3
μ;

∧ıj¼ 1þ τıj∂t; ∧2
ıj¼ ∂t þ τıj∂tt; ı ¼ 1; 2; 3; j ¼ s; f:

(2)

The differential equations of motion are

σij;j ¼ ρüi þ ρfẅi;

ð−pÞ;i ¼ ρfüi þmẅi þ b _wi; (3)

where the composite density ρ ¼ ð1 − ϕ̄Þρs þ ϕ̄ρf depends on the
solid and fluid densities ρs and ρf , respectively. Moreover,
m ¼ T ρf=ϕ̄, where T is the tortuosity, b ¼ η=κ̄, η is the fluid vis-
cosity, and κ̄ is the frame permeability. Substituting the stress-strain
relations into equation 3, we obtain

μ∇2uþ EM∇ϵm þ ᾱM∇ϵf − ∇½R11ð∧1s TsÞ þ R12ð∧1f TfÞ�
¼ ρüþ ρfẅ;

ᾱM∇ϵm þM∇ϵf − ∇½R21ð∧1s TsÞ þ R22ð∧1f TfÞ�
¼ ρfüþmẅþ bẇ: (4)
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The law of heat conduction is (Youssef, 2007)

γ̄s∇2Ts ¼∧2
2s ½F11Ts þ F12Tf þ T0ðR11ϵm þ R21ϵfÞ�;

γ̄f∇2Tf ¼∧2
2f ½F22Tf þ F21Ts þ T0ðR22ϵf þ R12ϵmÞ�; (5)

where ∇2 is the Laplacian operator,

γ̄s ¼ ð1 − ϕ̄Þγ̄�s ; γ̄f ¼ ϕ̄γ̄�f;

EM ¼ λþ μþ ᾱ2M; R11 ¼ ð1 − ϕ̄Þβs; R12 ¼ ᾱβf;

R22 ¼ 3Mϕ̄ ¯̄αf; R21 ¼ 3Mðᾱ − ϕ̄Þð1 − ϕ̄Þ ¯̄αs;
F11 ¼ ð1 − ϕ̄Þcsρs; F22 ¼ ϕ̄cfρf; F12 ¼ F21 ¼ −JT0;

J ¼ 3 ¯̄αsR12 þ ¯̄αfsR22; (6)

where c is the bulk specific heat, γ̄� is the thermal conductivity, β is
the thermoelasticity coefficient, and ¯̄α is the thermal expansion co-
efficient (Pecker and Deresiewicz, 1973; Youssef, 2007; Carcione
et al., 2019).
The TTG-LS model is obtained with τ1j ¼ 0 (j ¼ s or f) and

τ2j ¼ τ3j (Carcione et al., 2019) (for the generalized case
τ2j ≠ τ3j), in the case of the TTG-GL equation with τ3j ¼ 0,
whereas the TTG-LS and TTG-GL models coincide if τLS2j ¼ τGL1j
(Wang et al., 2021). For simplicity, TTG is omitted in the following.

Plane-wave analysis

We use the Helmholtz decomposition and consider the propaga-
tion of compressional waves (Wang et al., 2021), obtained from
equations 4 and 5:

EG∇2ϕsþ ᾱM∇2ϕf− ½R11ð∧1s TsÞþR12ð∧1f TfÞ�
¼ρϕ̈sþρfϕ̈f;

ᾱM∇2ϕsþM∇2ϕf− ½R22ð∧1f TfÞþR21ð∧1s TsÞ�
¼ρfϕ̈sþmϕ̈fþbϕ̇f;

γ̄s∇2Ts¼∧2
2s ðF11TsþF12TfÞþT0∇2½∧2

3s ðR11ϕsþR21ϕfÞ�;
γ̄f∇2Tf¼∧2

2f ðF21TsþF22TfÞþT0∇2½∧2
3f ðR12ϕsþR22ϕfÞ�;

μ∇2ψ s¼ρψ̈ sþρfψ̈f;

ρfψ̈sþmψ̈fþbψ̇f¼0; (7)

where EG ¼ EM þ μ and the potential functions and temperature
fields are

ϕs ¼ AP
s exp½iðkP · x − ωtÞ�;

ϕf ¼ AP
f exp½iðkP · x − ωtÞ�;

Ts ¼ AP
Ts exp½iðkP · x − ωtÞ�;

Tf ¼ AP
Tf exp½iðkP · x − ωtÞ�;

ψ s ¼ AS
s exp½iðkS · x − ωtÞ�;

ψf ¼ AS
f exp½iðkS · x − ωtÞ�; (8)

where x is the spatial vector, kP and kS are the wavenumbers, and
AP and AS are the amplitudes of the compressional and shear waves,
respectively (Hou et al., 2023a; equations 5–9).
Substituting equation 8 into equation 7, we obtain

X4
ı¼0

ðcoeð2ıÞ · ðk2PÞıÞ ¼ 0; (9)

where

coe8¼EMγ̄sγ̄f;

coe6¼ωf−a61γ̄sγ̄f−EMa62þ iT0½EGa64þMða65þa66Þ�g;
coe4¼ω2½a44þ iT0ða45þa46þa47þa48Þ−EMa63τ̄s2τ̄f2

−ωa43γ̄sγ̄fþa61a62�;
coe2¼ω3fa62þ iT0½ωða22þa23Þ−ðmωþ ibÞða24−a25Þ�g;
coe0¼ω5τ̄f2τ̄s2a63a43; (10)

and

E ¼ λþ 2μ; τ̄ıj ¼ iþ ωτıj: (11)

The components of a are given in Appendix A. For an S plane wave,
the wavenumber is

k2S ¼ ω2

�
ρ

μ
−

ωρ2f
μðωmþ ibÞ

�
: (12)

The complex wavenumber and phase velocity are (Appendix A)

Table 1. Properties of the water/oil/gas saturated medium.

Ks (GPa) Km (GPa) Kf (GPa) μ (GPa) ρf (g/cm3) ρs (g/cm3)

35 7 2.4/2.1/0.0056 5.5 1.0/0.7/0.14 2.65

T ηf ð×10−3Þ (Pa s) κ̄ (D) ϕ̄ τ2f (ns) τ2s (ns)

2 1/4/0.22 1 0.1/0.25/0.25 2.5/1.6/4 0.08

cf ð×103Þ
kg=ðm · s2 · KÞ

cs ð×103Þ
kg=ðm · s2 · KÞ

βf ð×106Þ
kg=ðm · s2 · KÞ

βs ð×106Þ
kg=ðm · s2 · KÞ

γ̄�f
m · kg=ðs3 · KÞ

γ̄�s
m · kg=ðs3 · KÞ

4.18/2.88/1.47 0.9 0.7/1.5/1.2 2.1 8.76/8.45/7.79 12

T0 (K) ¯̄αs ð×10−6Þ ðK−1Þ ¯̄αf ð×10−4Þ ðK−1Þ ¯̄αfs ð×10−4Þ ðK−1Þ — —

400 2.4 7/5/20 −2.4/−1.6/−9.7 — —
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k ¼ κþ iα ¼ κκ̂þ iαα̂;

VP ¼
ω

κ
κ̂; (13)

where the overhat defines a unit vector and α is the attenuation
vector.

R/T COEFFICIENTS AND AVO RESPONSE

Thermoporoelastic Zoeppritz equations

We consider a 2D thermo-poroelastic model with a plane inter-
face, as in Hou et al. (2023a, Figure 1). For a wave incident
obliquely at an angle θ0, five reflected (P1, P2, T1, T2, and S) waves
are present in the incidence medium (z > 0, upper-half space I) and
five corresponding waves are in the transmission medium (z < 0,
lower-half space II). The corresponding boundary conditions at
the interface (z ¼ 0) are

BCI ¼ BCII; (14)

where (Ignaczak and Ostoja-Starzewski, 2010; Wang et al., 2020)

BCı̄¼
�
uı̄z;uı̄x;σ ı̄zz;σ ı̄xz;wı̄

z;pı̄;T ı̄
s;T ı̄

f; γ̄
ı̄
s
∂T ı̄

s

∂z
; γ̄ ı̄f

∂T ı̄
f

∂z

�
; ı̄¼ I;II:

(15)

The waves propagating in the thermoelastic medium are inhomo-
geneous, with inhomogeneity angle γ. The exact Zoeppritz equa-
tions are obtained with the boundary conditions (equation 14)
considering generalized Snell’s law and potential functions. We ob-
tain

M · X ¼ N; (16)

whose derivation is given in Appendix B. Then, the exact R/T
coefficients are

RT ¼ RT ı ¼ Xı
kı
k0

¼ jRT ıj expðiϑıÞ;

ı ¼ 1; 2; : : : ; 10; (17)

where Xı denotes the ratio of the amplitude of the
corresponding R/T wave to the incident wave;
ı ¼ 0 represents the incident wave; 1; 2; : : : ; 5
are the reflected P1, P2, T1, T2, and S waves,
respectively, 6; 7; : : : ; 10 are the corresponding
transmitted waves, respectively; j · j represents
the magnitude; and ϑ is the phase angle. The
energy conservation at the interface verifies
equation 17 (Hou et al., 2023a, equation 34).

AVO approximation

Considering that the two half-spaces have sim-
ilar characteristics, the Aki-Richards approxi-
mate formulas (Aki and Richards, 2002) are
remarkably accurate (Zong et al., 2012; Hou
et al., 2023b). Hence, due to the assumption of
a small impedance contrast between the upper
and lower mediums, we obtain

RPP1¼
1

2
ðΔρ̄þsec2θ0ΔV̄P1

Þ−2sin2θ0

�
V̄S

V̄P1

�
2

ðΔρ̄−2ΔV̄S
Þ;

RPS¼
sinθ0
2 cosθ5�

2ΔV̄S
−ð2ΔV̄S

þΔρ̄Þ
�
cosð2θ5Þþ

2V̄S

V̄P1

cosθ0 cosθ5

��
;

TPP1¼1−ΔV̄P1
−
1

2
ðΔρ̄−sec2θ0ΔV̄P1

Þ;

TPS¼
sinθ0
2 cosθ5�

2ΔV̄S
−ð2ΔV̄S

þΔρ̄Þ
�
cosð2θ5Þ−

2V̄S

V̄P1

cosθ0 cosθ5

��
; (18)

Figure 2. Same as Figure 1 but for the S wave.

a) b)

c) d)

Figure 1. Phase velocities and attenuation factors of (a) fast P (P1), (b) slow P (P2),
(c) fast T (T1), and (d) slow T (T2) waves as a function of frequency for water-saturated
media (incidence medium I) with inhomogeneity angles 0° (solid lines), 40° (dashed
lines), and 80° (dashed-dotted lines).
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whereΔℏ is the ratio of the difference to the aver-
age of corresponding subscript parameters ℏ in
the two spaces and ℏ represents VP1; VS, and ρ,
respectively.

EXAMPLES

Let us assume the properties of the water/oil
contacts in Table 1 (Pecker and Deresiewicz,
1973; Hou et al., 2023a; Liu et al., 2023). The
relaxation times are τ1s=1f ¼ 0, τ2s ¼ τ3s ¼
0.08 ns, and τ2f ¼ τ3f ¼ 2.5 ns for water-satu-
rated (τ2f ¼ τ3f ¼ 1.6 ns for oil-saturated) media,
respectively, which coincide with the GL theory
with τ3s=3f ¼ 0, τ1s ¼ τ2s ¼ 0.08 ns, and
τ1f ¼ τ2f ¼ 2.5 ns for water-saturated (τ1f ¼ τ2f
¼ 1.6 ns for oil-saturated) media.
Figures 1 and 2 show the dispersion and dis-

sipation curves of four compressional waves
and one shear wave, respectively, in a water-sa-
turated medium, where the pronounced varia-
tion in the inhomogeneity angle can better
illustrate its impact. The wave propagation here
can simultaneously trigger macroscopic thermal
flow and fluid flow. We found that the global
Biot flow plays a leading role for the P1 and
S waves, causing significant Biot attenuation
peaks and consequent velocity dispersion
(DBiot) at approximately 10 kHz. Thus, at low
frequencies, the inhomogeneity angle signifi-
cantly affects the Biot peaks, as represented
by the PBiot and SBiot. At high frequencies, ther-
mal flow plays an important role and leads to
thermal peaks for P1 and P2 waves, where
the superscripts “Ther” and “Sl T” denote the
T1 and T2 effects, respectively. The inhomoge-
neity angle of the three slow compression waves
(P2, T1, and T2) affects the corresponding fre-
quency of dispersion. Considering the presence
of heat waves in the fluid (T2 wave), the propa-
gation of P2 is definitely affected by the thermal
mechanism. In contrast, the dispersion of the
S mode is hardly affected. The thermal effects
mainly affect the attenuation and velocity
dispersion of P1 and P2 waves, as shown in
Figure 1. Unlike the P1 wave, the P2 and the
T1 waves have different phase velocities but
surprisingly the same attenuation rate at all
frequencies, which may be caused by the differ-
ent coupling patterns.
Figure 3 shows the phase velocities and at-

tenuation of the P1 and P2 waves as functions
of porosity and frequency in the oil-saturated
media. The P1 wave has two relaxation peaks
at approximately 10 kHz and 1 GHz, which
are caused by the Biot effect and the thermal
mechanism, respectively. The contribution of
thermal fluid flow is the main factor producing
the high-frequency attenuation peak at approxi-
mately 100 MHz. Higher porosity implies

Figure 3. (a and c) Phase velocities and (b and d) attenuation factors of (a and b) fast P
(P1) wave and (c and d) slow P (P2) wave as a function of frequency and porosity for oil-
saturated media (transmission medium II), for a homogeneous wave.

Figure 4. Reflected and transmitted fast P wave (a) RPP1, (b) TPP1, and slow P wave
(c) RPP2 and (d) TPP2 amplitudes as a function of porosity and P-wave incidence angle at
50 Hz for the inhomogeneous cases.
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stronger solid-fluid coupling and lower composite density, resulting
in a higher velocity of the P2 wave, whereas the opposite effect is
observed for the P1 wave. The porosity dependence of the slow ther-
mal peak of the first wave is not obvious. However, it is the main
reason influencing the location of Biot’s peak for the second wave.

Exact R/T coefficient

The effects of P-wave incidence angle and porosity on the R/T
results are shown in Figures 4–6, taking into account the relatively

low seismic frequency (f ¼ 50 Hz). Because the exploration appli-
cations are primarily of interest for the P1 wave incidence, we focus
on the observation of this incidence. We obtain the R/T coefficients
calculated by equation 17, based on the properties provided in
Table 1. Figures 4–6 show the variations in the R/T magnitudes
of the P1, P2, T1, T2, and S waves as functions of the P-wave in-
cidence angle and the porosity of the oil-saturated medium. The
incidence velocity of the P wave is VP1 ¼ 3200 m=s from Figure 1,
leading to significant porosity-dependent R/T coefficients. The
results presented in Figures 4–6 show that the magnitudes have

strong variations around the critical porosity
(ϕ̄II ≈ 0.11, with the same incidence and trans-
mission P1 wave velocities). Below the critical
porosity, the magnitudes of the reflected P1
waves increase with the oblique angles, reaching
one at the critical angle, with the corresponding
energy flux becoming zero until grazing inci-
dence. Beyond this porosity, the critical angle
disappears, as shown in Figure 4a. Accordingly,
the transmitted P1 wave has a peak, as shown in
Figure 4b. This is because the porosity decreases
the velocity of the transmitted P1 wave (see Fig-
ure 3), and consequently the impedance contrast
decreases up to the critical porosity at the same
incidence and transmission velocities of the
P1 wave. At the same time, as expected, the
extremely slow velocities induce two T waves
with relatively low R/Tamplitudes (see Figure 1c
and 1d). The P2 wave is induced by the pressure
difference between the fluid and solid phases of
the porous rock, whereas the temperature gra-
dient causes the T1 wave. Despite the fact that
the physical mechanisms are significantly differ-
ent, the observed trends are similar, as depicted
in Figures 4 and 5. The effects of porosity on the
slow T wave are similar to those of the slow P
wave, whereas the porosity dependence is more
pronounced for the fast T wave. In contrast, the
porosity-dependent behavior of S waves with
high ϕ̄II is more evident. In particular, the lower
impedance of the P1II wave caused by higher
porosity increases the energy of the converted S
waves, as shown in Figure 6. Meanwhile, the de-
termination of energy ratios relies on the R/T co-
efficients (Hou et al., 2023a), and incidence
angle and porosity will also impact the energy
partitions. As depicted in Figure 7, the simulated
vertical energy distribution primarily revolves
around reflected and transmitted fast P and S
waves as an example, due to the energy variation
analogous with the corresponding R/T results
(Figures 4–6), where energy fluxes mainly con-
centrate on the fast P waves, particularly under
vertical incidence, with no generation of con-
verted waves (Hou et al., 2022, 2023a).

AVO response

We first compare the differences between the
exact (labeled “Exact”) and approximate (labeled

Figure 5. Reflected and transmitted fast T wave (a) RPT1, (b) TPT1, and slow T wave
(c) RPT2 and (d) TPT2 amplitudes as a function of porosity and P-wave incidence angle at
50 Hz for homogeneous cases.

Figure 6. Reflected and transmitted S wave (a) RPS and (b) TPS amplitudes as a function
of porosity and P-wave incidence angle at 50 Hz for homogeneous cases.

MR302 Hou et al.

D
ow

nl
oa

de
d 

09
/1

3/
24

 to
 1

80
.2

01
.1

28
.2

21
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

S
E

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/p

ag
e/

po
lic

ie
s/

te
rm

s
D

O
I:1

0.
11

90
/g

eo
20

23
-0

62
5.

1



“Pro”) R/T magnitudes for the reflected and transmitted P1 and S
waves, as shown in Figure 8. Thermoporelastic and Biot-poroelastic
models are represented by “Ther” and “Biot,” respectively, and we
evaluated the models by the absolute value of the differences (jΔj)
indicated by the red (TTG model), blue (ST model; Cheng et al.,
2023) and black (Biot model) histogram errors. The errors illustrate
the improvement of the thermoporelastic model compared with the
Biot model. For the fast P wave, the calculation with the new ther-
moporelastic TTGmodel is also generally closer to the exact values,
and the errors become negligible due to the assumption of a small
angle of incidence. The approximation results of the S wave for the
TTG and Biot models agree well, with the former model showing
much better agreement, especially at small incidence angles, while
the difference is much larger for the latter model.

A comparison with Biot’s poroelastic theories has confirmed the
accuracy of the developed approximate equation for thermoporoe-
lasticity. To further investigate the practical applicability of the
proposed model, we consider the corresponding synthetic seismo-
gram of the fast P-wave displacement, as shown in Figure 9a. It is
obtained by convolution of the Ricker wavelet, and the approxi-
mate results are shown in Figure 8a. It should be noted that
Biot predicts stronger magnitudes for the petroleum reservoir at
large incidence angles. We have shown that the proposed model
significantly improves its accuracy for the approximate solution
by introducing thermal properties to successfully extend the
R/T coefficients. Moreover, variations of oil saturated and gas sa-
turated in the lower media are used to compare the AVO responses
for the thermoporoelastic model, as shown in Figure 9b, processed

Figure 8. Reflection coefficients of (a) fast P and
(b) S waves, transmission coefficients of (c) fast P
and (d) S waves, and the difference (bar chart) be-
tween the exact and AVO approximate solutions at
50 Hz, corresponding to the Biot poroelastic
(black), ST thermoporoelastic (blue) and TT ther-
moporoelastic (red) theories.

Figure 7. Reflected and transmitted fast P wave
(a) Er

PP1, (b) Et
PP1, and S wave (c) Er

PS and
(d) Et

PS energy ratios as a function of porosity
and P-wave incidence angle at 50 Hz for homo-
geneous cases.
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in the same way as Figure 9a. When there are
saturated pores in the transmission medium,
the gas-saturated case shows lower responses.
Because the AVO response is affected by the
type of saturated fluid, it can serve as a potential
method to discriminate the fluid.
We apply the proposed model to the CO2 geo-

sequestration reservoir of the CRC-3 injection
well as part of the CO2CRC Otway Project
in Victoria, Australia (Caspari et al., 2015). Ac-

cording to Pevzner et al. (2022), the estimated thickness of the
CO2 plume is 11 m and the corresponding properties are provided
in Table 2 (same values as in Table 1, not provided), where the
overlying formation is water saturated and has the characteristics
of Table 1 except T0 = 330 K. In addition, the solid properties of
the underlying (below CO2 reservoirs) are the same as those of the
CO2 reservoir (Table 2) but water-saturated (Table 1) and ϕ ¼ 0.1.
The proposed approximate thermoporoelastic method demon-
strates the ability to identify thin reservoirs, particularly evident
for larger offsets, as shown in Figure 10.

Figure 9. Synthetic seismograms for (a) thermoporoelastic (red
lines) and Biot (black lines) models of water-saturated/oil-saturated
interface, (b) thermoporoelastic interfaces of the water-saturated/
oil-saturated (red lines) and water-saturated/gas-saturated (blue
lines) media based on the AVO approximate equations.

Figure 10. Synthetic seismograms of CO2 geosequestration reser-
voir thermoporoelastic (red lines) and Biot (black lines) models
based on the AVO approximate equations.

a) b)

c) d)

Figure 11. Phase velocities (black lines) and attenu-
ation factors (blue lines) of four compressional
waves as a function of frequency calculated with
the GLS theory. The inhomogeneity angle is 0°
(homogeneous waves), whereas the relaxation times
provided in Table 1 are multiplied by τ3s=τ3f ¼
0.16=5.0 ns (dashed lines) and τ3s=τ3f ¼
0.24=7.5 ns (dashed-dotted lines), respectively.

Table 2. Properties of the CO2 reservoir.

Km (GPa) Kf (GPa) μ (GPa) ρf (g/cm3) ϕ̄ T0 (K)

8.5 0.025 7.0 0.33 0.27 335.4

βf ð×106Þ
kg=ðm · s2 · KÞ

γ̄�f
m · kg=ðs3 · KÞ

¯̄αf ð×10−3Þ
K−1

¯̄αfs ð×10−4Þ
K−1

ηf ð×10−4Þ
Pa s

τ2f

ns

2 2 6 −4.7 0.2 3.2
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Attenuation effects in the context of GLS theory

In this section, we further investigate the effects of relaxation times
on frequency-dependent dispersion and dissipation. Consider the GL
model assuming different values of τ1j (j ¼ s; f), consistent with the
GLS theory for τGLS3j ¼ τGL1j (Ignaczak and Ostoja-Starzewski, 2010;
Wang et al., 2021). The combined effects of the models on phase
velocities and attenuation factors of compressional waves are shown
in Figure 11. The high-frequency sensitivity of the two thermal peaks
of the P1 wave systematically increases, especially for the thermal
peak, while the slow thermal peak of the P2 wave is more sensitive.
The increased attenuation leads to stronger dispersion, as shown in
Figure 11a and 11b. Unlike the inhomogeneity angle, the different re-
laxation times imply various thermal-balance processes, and therefore
the relaxation times affect not only the attenuation but also the phase
velocities. Moreover, the LS and GLmodels have consistent frequency
dependence in the range of the Biot attenuation.

CONCLUSION

We have derived the R/T coefficients of a plane wave with the
inhomogeneity angle γ incident on the interface separating two
half-spaces based on the TTG thermoporoelastic LS and GL equa-
tions. The coefficients as a function of incidence angle and porosity
are presented. We have also developed the corresponding AVO
approximation to compare with that of the Biot poroelastic model
and to study the effects of fluids. The approximation allows the ap-
plication of equations with thermal properties in a simplified way.
The inhomogeneity angle γ is found to affect the attenuation val-

ues of the P1 and S waves more strongly, with an increase in γ lead-
ing to enhanced attenuation, especially in the range caused by Biot
dispersion, while the dispersion for the other three waves shifts to
the high frequencies. Though the observable attenuations of P2 and
T1 waves are identical, the differences in the physical processes of
the two cases cause the distinctive phase velocity dispersion. In
addition, the velocity dispersion is affected by the small variation
in thermal relaxation times, especially at high frequencies and for
P1 waves, which indicates the significance of thermal effects.
The porosity- and frequency-dependent R/T behavior in the seis-

mic band is based on the exact Zoeppritz equations. The critical
angle of P1 waves increases with porosity (ϕ̄) until it vanishes
(ϕ̄ ≈ 0.11), whereas the velocity of the P1 wave in the transmission
medium is equal to the velocity in the incidence.
Moreover, we proposed a TTG thermoporoelastic approximation

to simplify the exact calculations. Comparisons with Biot and the
approximation show that the simplified results agree satisfactorily
with the exact values and are better than those predicted by the Biot
model. The differences between water/gas saturated and water/oil
saturated show the effects of different reservoirs on the AVO re-
sponse and help to distinguish hydrocarbon fill, which leads to a
more successful interpretation in seismic exploration. Data from
a real CO2 geosequestration reservoir used to construct a model
illustrates that the proposed AVO approximation can significantly
enhance the ability to distinguish thin reservoirs.
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APPENDIX A

EXPRESSIONS for A AND INHOMOGENEITY
ANGLE

In the equation 10, the corresponding parameters are
a61 ¼ −ωMð2ᾱρf − ρÞ þ EGðibþmωÞ;
a62 ¼ F11τ̄s2γ̄f þ F22γ̄sτ̄f2;

a63 ¼ F12F21 − F11F22;

a64 ¼ R2
21γ̄f τ̄s1τ̄s3 þ R2

22γ̄sτ̄f1τ̄f3;

a65 ¼ R11γ̄f τ̄s1τ̄s3ðR11 − 2ᾱR21Þ;
a66 ¼ R12γ̄sτ̄f1τ̄f3ðR12 − 2ᾱR22Þ;
a41 ¼ F21R21 − F11R22;

a42 ¼ F12R22 − F22R21;

a43 ¼ ωρ2f − ðmωþ ibÞρ;
a44 ¼ −τ̄f1τ̄f3τ̄s1τ̄s3T2

0ðR11R22 − R12R21Þ2;
a45 ¼ τ̄f1τ̄f3fR2

22ð−EGτ̄s2F11 − ωργ̄sÞ þ 2R22R12ðMᾱF11τs2

þ ωγ̄sρfÞ − R2
12½MF11τ̄s2 þ γ̄sðmωþ ibÞ�g;

a46 ¼ τ̄s1τ̄s3fR2
21ð−EGτ̄f2F22 − ωργ̄fÞ þ 2R21R11ðMᾱF22τf2

þ ωγ̄fρfÞ − R2
11½MF22τ̄f2 þ γ̄fðmωþ ibÞ�g;

a47 ¼ τ̄s3τ̄f1τ̄f2F21f½ð−ᾱR22 þ R12ÞR11 − R12R21ᾱ�M
þ R21R22EGg;
a48 ¼ τ̄f3τ̄s1τ̄s2F12f½ð−ᾱR22 þ R12ÞR11 − R12R21ᾱ�M
þ R21R22EGg;
a21 ¼ ðR11R22 þ R12R21Þρf − R21R22ρ;

a22 ¼ τ̄s3τ̄f2½F22R21τ̄s1ðR21ρ − 2R11ρfÞ þ a21F21τ̄f1�;
a23 ¼ τ̄s2τ̄f3½F11R22τ̄f1ðR22ρ − 2R12ρfÞ þ a21F12τ̄s1�;
a24 ¼ τ̄s3τ̄f2R11ðF21R12τ̄f1 − R11τ̄s1F22Þ;
a25 ¼ τ̄f3τ̄s2R12ðF11R12τ̄f1 − R11τ̄s1F12Þ;
a26 ¼ τ̄f2τ̄s2a63 þ ωa43a62: (A-1)

For solving for κ and α, we obtain (Hou et al., 2022)

κ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Reðk2Þ

2

�
2

þ
�
Imðk2Þ
2 cos γ

�
2

s
þ Reðk2Þ

2
;

α2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Reðk2Þ

2

�
2

þ
�
Imðk2Þ
2 cos γ

�
2

s
−
Reðk2Þ

2
; (A-2)

where k corresponds to the P wave (kP) and S wave (kS) complex
wavenumbers.
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APPENDIX B

COMPONENTS OF MATRICES M AND N

Similar to Hou et al. (2023a, equation 21) the potential functions in
incidence media correspond tom ¼ 1, n ¼ 4, and b ¼ 5, andm ¼ 6,
n ¼ 9, and b ¼ 10 for transmission media. Substituting the potential
functions into the boundary conditions (equation 14), we obtain
equation 17, in which the expressions of M are as follows:

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:

M1a¼qa;M2a¼pa;
M3a¼−ðp2

aþq2aÞ½λIþMIᾱIðνaþ ᾱIÞ�−2μIq2aþ iðRI
11δaτ̄

I
s1þRI

12χa τ̄
I
f1Þ;

M4a¼2μIpaqa; M5a¼qaνa;

M6a¼MIðp2
aþq2aÞðνaþ ᾱIÞ− i

RI
12
χa

ᾱI
τ̄If1;

M7a¼δa; M8a¼ γ̄Isδaqa; M9a¼χa; Mð10Þa¼ γ̄Ifχaqa; ða¼1;2;3;4Þ;
M1b¼qb; M2b¼−pb;
M3b¼ðp2

bþq2bÞ½λIIþMIIᾱIIðνaþ ᾱIIÞ�þ2μIIq2b− iðRII
11δa τ̄

II
s1þRII

12χa τ̄
II
f1Þ;

M4b¼2μIIpbqb; M5b¼qbνb;

M6b¼−MIIðp2
bþq2bÞðνbþ ᾱIIÞþ i

RII
12
χb

ᾱII
τ̄IIf1;

M7b¼−δb; M8b¼ γ̄IIs δbqb; M9b¼−νb; Mð10Þb¼ γ̄IIfνbqb; ðb¼6;7;8;9Þ;
M15¼p5; M1ð10Þ ¼−pð10Þ; M25¼−q5; M2ð10Þ ¼−qð10Þ;
M35¼−2μIp5q5; M3ð10Þ ¼−2μIIpð10Þqð10Þ;
M45¼μIðp2

5−q25Þ; M4ð10Þ ¼−μIIðp2
ð10Þ−q2ð10ÞÞ;

M55¼p5ν5; M5ð10Þ ¼−pð10Þνð10Þ; Mc5¼Mc10¼0; ðc¼6;7; :::;10Þ;
(B-1)

and the expressions of N are8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

N1 ¼ Ξq0 − ð1 − ΞÞp0; N2 ¼ −Ξp0 − ð1 − ΞÞq0;
N3 ¼ Ξfðp2

0 þ q20Þ½λI þMIᾱIðνa þ ᾱIÞ�
þ2μIq20 − iðRI

11δaτ̄
I
s1 þ RI

12χaτ̄
I
f1Þg − 2μIp0q0ð1 − ΞÞ;

N4 ¼ 2μIp0q0Ξ − μIðp2
0 − q20Þð1 − ΞÞ;

N5 ¼ Ξq0ν0 − p0ν0ð1 − ΞÞ;
N6 ¼ Ξ

�
−MIðp2

0 þ q20Þðν0 þ ᾱIÞ þ i
RI
12
χa

ᾱI
τ̄If1

�
;

N7 ¼ −Ξδ0; N8 ¼ γ̄Isδ0q0Ξ;
N9 ¼ −Ξν0; N10 ¼ γ̄Ifν0q0Ξ;

(B-2)

where

ξı1¼ω2ρf−Mᾱk2ı ; ξı2¼ω2ρ−EGk2ı ; ξı3¼ ibωþmω2−Mk2ı ;

ξı4¼−T0ωτ̄s3k2ı ; ξı5¼ωτ̄s2F11− γ̄sk2ı ;

ξ¼ τ̄f1½ξı4R21τ̄s1ðR11R22−R12R21Þþiξı5ðξı1R22−ξı3R12Þ�
−iωτ̄s1τ̄s2F12ðξı1R21−ξı3R11Þ;
ξν¼−τ̄f1½ξı4R11τ̄s1ðR11R22−R12R21Þþiξı5ðξı2R22−ξı1R12Þ�
−iωτ̄s1τ̄s2F12ðξı1R11−ξı2R21Þ;
ξδ¼−iτ̄f1ξı4½ξı1ðR11R22þR12R21Þ−ξı2R21R22−ξı3R11R12�
þωτ̄s2F12ðξ21−ξı2ξı3Þ;
ξχ¼ iτ̄s1ξı4ð2ξı1R11R21−ξı3R2

11−ξı2R2
21Þ−ξı5ðξ2ı1−ξı2ξı3Þ;

νı¼
ξν
ξ
; δı¼

ξδ
ξ
; χı¼

ξχ
ξ
; ı¼0;1; :::;9 and≠5:

νı¼
−ωρf

mωþiη=κ̄
; ı¼5;10: (B-3)

The horizontal (pı) and vertical wavenumbers (qı), obtained from
the complex wavenumbers (kı) are

qı ¼ DR þ iDI; D ¼ �pv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ı − p2

ı

q
;

pı ¼ jκıj sin θı − ijαıj sinðθı − γıÞ; i ¼ 0; 1; : : : ; 10; (B-4)

where “pv” denotes the principal value and pı remain unchanged
during the propagation, following the generalized Snell’s law
(Carcione, 2022). The downward waves correspond to the minus
signs; otherwise, the positive sign holds.
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